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Finitely Continuous Hamel Functions

Abstract
A function h: R" — R is called a Hamel function if it is a Hamel
basis for R™**. We prove that there exists a Hamel function which is

finitely continuous (its graph can be covered by finitely many partial
continuous functions). This answers the question posted in [KP].

We consider functions with values in R¥. No distinction is made between a
function and its graph. Let f: R" - RX be a function and k < ¢ be a cardinal
number. We say that the function f is a Hamel function if ¥, considered
as a subset of R™*X, is a Hamel basis for R"**. The function f is called
K-continuous if it can be covered by the union of kK many partial continuous
functions from R". We write f|A for the restriction of f to a set A [RY. For
B [CRI', the symbol Ling(B) stands for the smallest linear subspace of R"
over Q that contains B.

In [KP], it was asked whether there exists a Hamel function which is w-
continuous (Problem 3.2). We give an a [Lrmhtive answer to this question.

Theorem 1. There exists a Hamel function h : R™ - RK which is (n + 2)-
continuous (k,n = 1).

Let us mention here that it is unknown whether the number (n + 2) is



To prove Theorem 1, we will need the following lemma.

Lemma 3 Let H [CRT be a Hamel basis. Assume that h: R™ - RK is such
that h|H = 0. Then h is a Hamel function i CH|(R™ \ H) is one-to-one and
h[R" \ H] CR¥ is a Hamel basis.

Proof. First assume that h is a Hamel function. We will show that h|(R"\H)
is a bijection onto a Hamel basi et y [CRK. There exist X, .. L X CR°
and 0j IZ(plsu_r.hl that 7 gih(xj) = y. But since h|H = 0 we get
y= 10ih(xi) = i ih(x;). Hence Ling(h[R™ \ H]) = RX.

Next suppose that , pih(x;) = 0 for some distinct x1,...,x; C(R" \ H)
and py,...py Q. Since H [CRY isE;ialrnel basis, exist Xj+1,...,Xm [
H and pi4gs——, Pm [Qsuch that |, pixi = — ; piXi. Recall that h|H =
0, hence 7 pi(Xi, h(x;)) = (0,0). Since h is a Hamel function we conclude
that p; =0 for all i = 1,...,m. This finishes the proof that h|(R" \ H) is a
bijection onto a Hamel basis.

Now we prove the converse. To see that h is a Hamel function, first

e that the graph of h is linearly independent over Q. Indeed, let
1 0i (Xi, h(xi)) = 0 for some Xy,...,x, CRM" and qy,...qr CQ. Then

L 1 L1 L1
gi (i, h(xi)) = gi (i, h(xi)) + gi (Xi, h(xi))

1 xieH xiifH:l
gi (Xi,0) + i (Xi, h(xi))

XjeH XiZH
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Hence %L gih(xj) = 0. Since h|(R"\ H) is a bijectiop—;&nﬁo a Hamel
basis, we conclude that g; = 0 for x; TTH. Consequently, gixi = 0.
This implies that q; = 0 for x; CH.

To see that Ling(h) = Rk, choose x [RI" and y [RK. Since h[R" \ H]
is a Hﬁmﬁlbasis for RK, there exist X1,...,Xs CR™ and p1,...,ps [Q such
that 7 pih(x;) =y. Similarly, since H is a Hamel basis f N there exist

... X CH [CR" and T o uch that _ ,piXi = X —
1 Pixi. Next observe that ih(xi) = 7 pih(xi) =y by the assumption
h|H = 0. Finally, we obtain 7 pi(Xi, h(xi)) = (X,y). So Ling(h) = Rk m

Proof of Theorem 1. Let P [{{x,0,...,0) [RKX: x IIQ} be a perfect
set linearly independent over Q (see e.g., [MK, Theorem 2, p. 270]) and
Y R\ Q)X be Hamel basis such that P Y1 The existence of such a basis
follows from the fact that Ling((R \ Q)*) = R* and the fact from elementary
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linear algebra that every linearly independent set can be extended to a linear
basis. Next choose a Hamel basis H [C(R\{0})>*Rx...-xR [RY such that H
is dense in R™ (such a basis exists because Ling((R\{0}) xR x...xR) = R").
Since X = R™\ H has topological dimension < (n — 1) (as the complement
of a dense set; see [HW, Theorem IV.3 p. 44)), it can be decomposed into n
0-dimensional spaces Eg,...,En (see [HW, Theorem I11.3 p. 32]). For every
perfect set Q [R and 0-dimensional space E, there exists an embedding
g: E - Q. (See e.g., [HW, Theorem V.6 p. 65].) Hence, if P = P; [Py [
-+ [P}, is a partition of P into n perfect sets, twere exists an embedding
g,'fii  Ei » Piforeveryi=<n. Nowdefineg; = ;gp': X - Y and note that
it is an injective n-continuous function. Next, since Y is also 0-dimensional
(as a subset of a 0-dimensional space (R \ Q)K), it can be embedded into any
perfect set, hence also into the set X. Letg,: Y — X be an embedding. Now,
following the proof of Cantor-Bernstein Theorem, define a function f: X - Y

by
—1
g1(x) ifx[TA

fO= 10 iftxra

where Ag = g2[Y \ 91[X]], Am+1 = 92[01[Am]] for m =0, and A = I%:IO Am.

The function f is a bijection. To see this observe that g;[X \A] = g1[X]\g1[A]
and

1 1
92 [Am] = (Y Na[X]) T ga[Am]
m=0 m=0

(Y N au[X]) Cgd[Al.

9 '[A]

Hence g1[X \ A] n g5 *[A] = [and g;[X \ A] CgJ*[A] =Y. Since both g;
and ggl are injections, the latter implies that f is bijective.

Now, by recalling that g; is n-continuous and g, * is continuous, we con-
clude that f is (n + 1)-continuous. Finally, we define h: R™ - R by

—1
h(x) = 0 if x CH
f(x) if x [H.

It follows from Lemma 3 that h is a Hamel function. Obviously, h is (n + 2)-
continuous. |
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